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Abstract

Some scientific theories are inconsistent, yet non-trivial and meaningful.
How is that possible? The present paper aims to show that the inferential
use of such theories can be analysed in terms of consistent compositions of
the applications of universal axioms. This technique will be represented by a
modular semantics, which allows us to accept the instances of universal ax-
ioms selectively. For such a semantics to develop, the framework of partial
structures by da Costa and French will be extended by a few elements of the
Sneed formalism also known as the structuralist approach to science.

1 The Rationale of Paraconsistent Logics

There is a significant number of inconsistent theories that are being used, or have
been used, widely and highly successfully. Bohr’s theory of the atom and classical
electrodynamics are prominent examples. Nancy Cartwright [9, 10] has tried to
show that, even in modern physics, axiomatic theories rarely satisfy the ideal of
universal truth and applicability. Naive set-theory is perhaps the most intriguing
example of an inconsistent axiomatic theory, particularly since its use in mathe-
matics and model-theory could not fully be replaced by rival theories such as ZF
or ZFC (cf. Priest [22, Ch. 2]). In philosophical logic, the semantic paradoxes of
axiomatic theories of truth continue to be a very lively subject matter of research,
which has as yet resisted a definite solution.

A set A of sentences is called inconsistent iff there is a sentence α such that both
α and ¬α are consequences of A. In classical logic, the set of consequences of an
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inconsistent set is trivial in the sense of containing any arbitrary sentence of the
respective language. Ex contradictione sequitur quodlibet. This property has been
described as explosion:

Definition 1. Explosive consequence relation
A logic being given by a consequence relation |= is called explosive iff, for all
sentences α and β, {α,¬α} |= β.

Bohr’s account of the atom is inconsistent with Maxwell’s equations if conserva-
tion of energy is assumed for atomic systems, because these equations predict that
an electron in Bohr’s account radiates and thus looses energy. Hence, there would
be no relatively stable energy levels and orbits of the electron, contrary to Bohr’s
theory. The union of Bohr’s postulates, Maxwell’s equations, classical mechanics,
and the law of conservation of energy therefore is trivial on the semantics of classi-
cal logic. Since, however, Bohr’s theory has been used quite successfully, classical
logic is unable to explicate our inferential use of it. Similar considerations apply to
classical electrodynamics, naive set theory, and the T scheme in axiomatic theories
of truth. Inconsistency of an axiomatic theory T is understood here as encompass-
ing (i) internal inconsistencies of the axioms of T , (ii) the existence of applications
that fail to be empirically adequate, and (iii) inconsistencies between T and a set
of other well established axiomatic theories.

As is well known, the undeniable existence of classically inconsistent but non-
trivial theories has motivated the development of paraconsistent logics. Such logics
are non-explosive. They attempt to formalize reasoning from inconsistent premises,
with the intent to explain how theories may be inconsistent, yet meaningful and
useful. Paraconsistent logics have been flourishing now for several decades (see
[23, 24] for an overview). As for their application, the focus has been mainly on
the famous semantic and set-theoretic paradoxes.

Surprisingly, however, very little research has been conducted on the logical anal-
ysis of inconsistent but non-trivial theories in the natural sciences. There is much
philosophy of science literature that is concerned with genuine philosophical prob-
lems concerning inconsistencies in science, such as our epistemic attitude towards
an inconsistent theory (see, e.g., Vickers [31]). Furthermore, there is a number of
detailed studies of putatively inconsistent theories in the history of science. It is
extremely difficult, however, to find investigations that go into both the details of
a particular scientific theory T and the technicalities of a suitable paraconsistent
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logic so as to obtain an accurate logical analysis of reasoning with T .1

Paraconsistent logics appear to have even a bad reputation in the philosophy of
science. They are often judged, implicitly or explicitly, to be of very little help
for the understanding of inconsistencies in science (cf. Frisch [14, Ch. 2], Vickers
[30, 31]). The idea of ‘logic-driven control’ of inconsistencies in science has been
argued to be fundamentally misguided by Smith [26], although without any de-
tailed discussion of the paraconsistent approaches that were available at that time.
Who is to blame for this divide? The philosopher of science who does not carefully
consider the potentialities of paraconsistent logics or the logician whose systems
are considered unsuitable for a logical analysis of scientific reasoning? Arguably,
more work must be carried out on both sides of the divide.

2 Toward a Modular Approach to Paraconsistency

The present proposal is driven by the following hypothesis: we can use classically
inconsistent axiomatic theories by selectively accepting the instances of universal
axioms. That is, for a given universal axiom α and a scientific theory T , only a
subset of the whole set of instances, or applications, of α may be accepted. The al-
ternative between fully accepting or fully rejecting an axiom is thus circumvented.
This paraconsistent strategy is motivated by considering the applications of an ax-
iom as relatively independent and thus modular units upon which the notion of an
intended interpretation of an axiomatic theory T is founded.

The core idea of the present proposal may be described as a paraconsistent revision
of the understanding of the universal quantifier in axiomatic theories T : in place of
reading a universal quantifier that expresses the universal applicability of an axiom
α as saying that α holds for all of its instances, it is suggested that the language
of T is interpreted in such a manner that truth of the instances of all axioms is
maximised. An instance of α is thus taken to hold true whenever it is consistent
to do so. Consistency, in this formulation, encompasses the internal consistency of
the particular instance of α itself and the external consistency of this instance with
other instances of axioms possibly different from α.

Why does a modular approach promise to yield an intuitive logical analysis of
paraconsistent reasoning in science? For a number of prominent axiomatic theo-

1This has been pointed out by Norton [21, p. 412] in a paper that appeared in 1992. The situation
has not much changed since then.
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ries in science and mathematics, inconsistencies arise from particular instances of
universal axioms or axiom schemes: the axiom scheme of comprehension in naive
set theory leads to an inconsistency when applied to the property of not being a
member of itself. Likewise, the liar paradox arises from applying the T-scheme to
self-referential sentences that assert their own falsehood. Classical electrodynam-
ics displays an inconsistency when the union of Maxwell’s equations and Lorentz’
force law is applied to one and the same charged particle, as if we could (directly)
determine the electromagnetic force that the field of a charged particle exerts upon
this particle itself.2 Finally, in Bohr’s account of the atom, certain applications of
the axioms of electrodynamics are used, whereas others are rejected, viz., those
which predict a continuous radiation of the orbiting electron. In sum, it is only
certain types of applications of particular axioms that give rise to inconsistencies
in naive set theory, axiomatic theories of truth, Bohr’s account of the atom, and
classical electrodynamics. The remaining applications constitute the actual use of
these theories.

Figuratively speaking, we can say that human minds cope with inconsistencies in
axiomatic systems by ignoring “pathological applications” of universal axioms,
while continuing to use sound applications of such axioms. From this observation
the challenge arises of devising a semantics that (i) demarcates between sound and
pathological applications, and (ii) allows for selectively using the applications of
universal axioms. For this to achieve, we shall introduce here networks of partial
structures. Such networks are developed on the basis of several interrelated meth-
ods coming from the logic of science: (i) the framework of partial structures and
partial truth by Newton da Costa and Steven French [13], (ii) the logic of theoretical
truth by Andreas [1], and (iii) the notion of an intended application as understood
in the structuralist approach by Balzer et al. [3]. We shall start with the framework
of partial structures and then extend this framework in a stepwise fashion.

3 Partial Structures and Partial Truth

Let us briefly recall the fundamental notions of the framework of partial structures
as expounded in Da Costa and French [13]. A simple pragmatic structure is a

2See Frisch [14, Ch. 2] for a detailed exposition of this problem and Vickers [30] for a critical
discussion of Frisch’s claim that classical electrodynamics is inconsistent. Vickers does not so much
question whether there is an inconsistency arising from classical electrodynamics but whether this
inconsistency can be attributed to a particular scientific theory (p. 767).
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set-theoretic structure of the form:

A = 〈A,Rk, P〉k∈K

where A is the domain of interpretation, Rk are partial relations, and K an index
set. P is a set of sentences that represent putative knowledge. A thus encodes a
partial interpretation of some language L. Being partial means for an n-ary relation
Rk that the extension of the relation concept Rk is a superset of the relation Rk.3

The notion of partial truth is defined as follows:

Definition 2. Partial truth
Let A be a simple pragmatic structure. A sentence φ of L is said to be partially
true inA iff there is a total structure B = 〈A,Rk〉k∈K of L such that (i) B extendsA
in the sense that, for all k ∈ K, (Rk)A ⊆ (Rk)B, (ii) for all α ∈ P, B |= α, and (iii)
B |= φ.

φ being partially true in A thus means that there is a total structure B such that (i)
B extends A, (ii) B satisfies all members of P, and (iii) φ is true in B. Da Costa
and French also consider structures with two domains of interpretation, where one
domain contains observable and the other domain unobservable entities. Such dis-
tinctions between different domains of interpretation can easily be introduced with
only minor modifications of subsequent definitions and explanations.

The notion of partial truth can be formalised in an S 5 modal framework:

φ is partially true inA iff ^φ (1)

where the set W0 of worlds is given by the set of total structures that are models of
P and extendA:

W0 = MOD(P) ∩ EXT (A) (2)

This modal formulation of partial truth has been worked out and investigated by
Da Costa et al. [11]. It is easy to see that the logic of partial truth is not explosive:

^α,^¬α |= ^β

3Partiality of a relation Rk is more precisely accounted for by distinguishing between the positive
extension R+

k , the negative extension R−k , and the neutral extension R0
k . For simplicity, we assume

that, for any partial structure A, R+
k = Rk and R−k = ∅. That is, for any partial structure A and any

n-ary relation Rk, if an n-tuple x is not a member of Rk = R+
k , it is not a member of R−k either. On this

assumption, there is no need to notationally distinguish between the positive, the negative, and the
neutral extension of a relation Rk in a partial structure.
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does not hold for all formulas α, β. From there being a world w1 ∈ Wo where α
is true and there being another world w2 ∈ W0 where α is false, it does not follow
that there is also a world w3 ∈ W0 in which β is true. Counterexamples to such an
inference are easy to construct. Hence, the logic of partial truth qualifies as para-
consistent, on the understanding that the property of not being explosive defines
the notion of a paraconsistent logic. This way of understanding paraconsistency
accords with Priest [23, 24].

4 Inferential Weakness of Partial Truth

It is well known that a number of paraconsistent logics are inferentially too weak
to account for the range of inferential patterns being used in science, mathematics,
and everyday life. This problem also arises for the logic of partial truth. For exam-
ple, it is easy to show that modus ponens does not hold for partial truth. If it were
to hold, the following inference rule would have to be valid in S5:

^α ^(α→ β)
^β

(3)

A counterexample to this inference rule is easy to construct: let L(V) be a language
of propositional modal logic with V = {p, q}. Let, further W (the set of worlds) be
given by {w1,w2}. Suppose, in w1 p and ¬q hold true, whereas in w2 ¬p and ¬q
are true. Then, it holds that ^p,^(p→ q) but not ^q.

In a similar vein, it can be shown that other important inference rules of natu-
ral deduction with two premises fail to hold for partial truth. This is particularly
unfavourable for an account of scientific reasoning in the case of the following in-
ference rule of first order logic with identity, which is sometimes referred to as the
Leibniz principle:

s = t φ[s]
φ[t/s])

f ree(s, t, φ[∗]) (4)

This inference rule says that, if t = s and φ, t can be substituted for s in φ at all
occurrences of s where s is free and t does not become bounded if substituted for
s. The Leibniz principle is used whenever we insert one equation into another;
it is thus of utmost importance in physics and other sciences using mathematical
equations. Its translation into the logic of partial truth is not valid in this logic,
however. It fails to be valid because s = t and φ may well be partially true, while
there is no world at which both s = t and φ are true.
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In sum, the logic of partial truth fails to represent inferential patterns that are at
the core of scientific reasoning. I understand Da Costa and French [12, p. 106] as
acknowledging this limitation by pointing out that the logic of partial truth does
not capture the ‘structural level of the theory itself’ but the ‘epistemic level’ of
scientific theories. It thus remains an open problem to give a logical analysis of
inconsistent theories at the ‘structural level’. As explained in Section 1, this is the
problem to which the present investigation is addressed.

How to extend the framework of partial structures so as to achieve more inferential
power? To this end, I will be using ideas of Carnap and Sneed as well as methods
developed in nonmonotonic reasoning. More precisely, I propose the following
moves in view of the just observed inferential weakness of partial truth:

(1) For scientific propositions φ, the property of being true is formalised by �φ
(in an S5 modal system) rather than by ^φ. This accords with the logic
of theoretical truth by Andreas [1], which explicates Carnap’s notion of an
indirect interpretation of theoretical terms.

(2) Partial structures are diversified such that any application of an axiom to a
system of entities is represented by a partial structure. This use of partial
structures is inspired by the notion of an intended applications in the sense
of Sneed [27] and Balzer et al. [3].

(3) Paraconsistency is accounted for in terms of an inference system that se-
lects maximally consistent subsets of total structures, where each such total
structure is an extension of a partial structures.

These moves are to be carried out in the following sections. Let us begin with the
logic of theoretical truth.

5 The Logic of Theoretical Truth

A theoretical term is an expression whose meaning is determined by the axioms
of a scientific theory T . This understanding of the notion of a theoretical term is
shared by Carnap [8], Lewis [19], and a number of other prominent philosophers
of science. Several semantics have been devised that aim to explicate the specific
semantic properties of theoretical terms and theoretical concepts (see Andreas [2]
for an overview). In what follows, I will expound the modal semantics of such
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terms by Andreas [1] in a manner that builds directly upon the framework of par-
tial structures. This semantics has been devised to capture Carnap’s notion of an
indirect interpretation of theoretical terms in a model-theoretical fashion (Carnap
[7, 8]).

Let T be a scientific theory whose axioms are given by the set Ax(T ). The descrip-
tive vocabulary V of T is bipartioned into a set Vt of theoretical relations and a set
Vo of observable relations. Let us assume, for the sake of simplicity, that the lan-
guage of T does not contain any individual constants and that all functions of T are
represented by many-to-one relations. Furthermore, let A be a simple pragmatic
structure:

A = 〈A,Rk, P〉k∈K

The relations Rk are understood as partial interpretations of the symbols in V . We
regard the complete interpretation of a symbol as a limiting case of a partial inter-
pretation, thus admitting some relations Rk ofA to be complete. The other limiting
case of a partial interpretation is given by the empty interpretation, in which case
Rk = ∅. The orthodox logical empiricist view is best represented by the assump-
tions that (i) all theoretical relations of A are given by the empty interpretation,
and (ii) all observational relations are complete ones.

In what follows, we will not be making these assumptions. It is irrelevant, more-
over, which relations are considered as theoretical and which other relations are
considered as observational. We merely use the logic of theoretical truth as a logic
of indirectly interpreted terms, without subscribing to the orthodox logical empiri-
cist view on the demarcation between observational and theoretical terms. As for
the set P of firm beliefs, we assume P = Ax(T ). That is, P is given by the axioms
of T .

A simple pragmatic structure thus understood represents T ’s domain of interpreta-
tion, some facts concerning the entities of this domain, and T ’s axioms. The next
step toward a modal semantics of theoretical terms is to introduce the notion of an
admissible extension of a simple pragmatic structure:

Definition 3. Admissible extensions ofA
Let A be a simple pragmatic structure, where the relations Rk and the set P of A
are as just explained. EXT (A) denotes the set of total structures B that extend A.
The set W0 of admissible extensions is defined as follows:

W0 :=

MOD(P) ∩ EXT (A) if MOD(P) ∩ EXT (A) , ∅

EXT (A) otherwise.
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Theoretical truth is then defined as truth in all admissible extensions ofA:

Definition 4. Theoretical truth
Let � be introduced by an S5 modal system for the language L(V), where the set
W0 of worlds is defined by Definition 3. A sentence φ of L(V) is theoretically true
inA iff �φ.

Theoretical truth of a sentence φ is thus explicated by �φ, while its partial truth is
defined by ^φ. The set of worlds of the underlying modal semantics is defined in
the same way for theoretical and partial truth.4

The logic of theoretical is thus a simple S5 modal logic. Why does it qualify as a
logic of indirectly interpreted terms? As the axioms of T constrain the admissible
interpretations of T ’s language, we can say that the descriptive terms of T are
interpreted, to some extent, by these axioms. Suppose there are an n-tuple x, a
relation Rk, and two total structures B1, B2 ∈ EXT (A) such that (i) B1 ∈ EXT (A),
(ii) x < (Rk)B2 , and (iii) for all total structures B ∈ MOD(Ax(T )) ∩ EXT (A),
x ∈ (Rk)B. In this case, Rk is determined with respect to the n-tuple x by the
requirement that any admissible interpretation of T ’s language satisfy the axioms
of T .5

A distinctive merit of the logic of theoretical truth is that it is inferentially as pow-
erful as classical logic. It is easy to prove that all classically valid inference rules
and axioms remain valid in the logic of theoretical truth [1]. Modus ponens, for
example, translates to:

�α � (α→ β)
� β

(5)

which is valid in S 5.

The semantics of theoretical truth, however, does not give us a paraconsistent logic.
We shall now seek to build paraconsistency into the semantics of theoretical truth,
without loosing too much of its inferential power.

4Da Costa et al. [11] assume that the set MOD(P)∩EXT (A) is always non-empty, an assumption
that is not made in the logic of theoretical truth. This is the only formal difference between theoretical
and partial truth with regard to how the set of worlds is defined.

5For a more detailed justification of why the present semantics of theoretical truth is in line with
Carnap’s and Ramsey’s ideas about theoretical terms, see Andreas [1]. This semantics is of course
inspired by the supervaluationist notion of super-truth.
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6 Modular Semantics for Axiomatic Theories

A modular semantics can be obtained by two successive operations upon the stan-
dard semantics: (i) the descriptive vocabulary V of the axiomatic theory T is di-
vided into subvocabularies according the axioms of T , and (ii) these subvocabu-
laries in turn are interpreted by partial structures that represent applications of the
corresponding axiom. Let α1, . . . , αn be the axioms of T with corresponding sub-
vocabularies V(α1), . . . ,V(αn). The partial structureAi, j represents the application
j of axiom αi. This being said, we can graphically illustrate the basic idea of a
modular semantics for axiomatic theories as follows:

V

V(α1)

A1,1 A1,2 . . . A1,k1

V(α2) . . . V(αn)

. . . An,kn

Figure 1: Modular Semantics

This modularisation of the interpretation of an axiomatic theory will serve as a
semantic foundation for using the instances of universal axioms of selectively. In
brief, this strategy goes as follows. The notion of an interpretation of L(V) is de-
fined as composition of “local interpretations” that result from applying axioms of
T to certain systems under consideration. (These applications function as modular
units.) By default, all applications of all axioms contribute to the interpretation of
L(V). However, in the case of an (internal or external) inconsistency of an appli-
cation, this application is ignored for the composition of an interpretation of L(V).
This amounts to selectively accepting the instances of universal axioms of T .

Representing any application of any axiom of T by a separate set-theoretic structure
is inspired by the structuralist approach as expounded in Sneed [27] and Balzer
et al. [3]. Such structures are called intended applications in this approach. Setting
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aside the strong semantic orientation of the structuralist approach, we can say that
any (empirical or abstract) system for which an axiom α is supposed to hold in
virtue of the understanding of α is an intended application of α. For example,
a two-body system consisting of the earth and a falling body nearby the earth’s
surface qualifies as an intended application of Newton’s law of gravitation. x being
an intended application of the axiom α does not imply that α actually applies to x.

We shall assume that any instance of an axiom uniquely corresponds to an intended
application of that axiom, which allows for a set-theoretic representation by a par-
tial structure. Intended applications are the semantic counterparts of instances of
universal axioms. We therefore explain the overall strategy of the present approach
to paraconsistency by saying that this approach makes room for selectively using
the instances, or applications, of universal axioms. For simplicity, we assume that
L(V) is a first order language. The generalisation to axioms formulated in higher
order logic or set theory is straightforward, though.

Why do the partial structures Ai, j form a network? Two partial structures may
overlap in terms of their domain and in terms of the descriptive vocabulary of
which they encode a partial interpretation. That is, (i) the domains A and A′ of two
corresponding partial structuresA andA′ may be such that A∩A′ , ∅, and (ii) the
vocabularies V and V ′ partially interpreted by A and A′, respectively, may have
the property that V ∩ V ′ , ∅. Partial structures Ai, j are thus interrelated. We may
represent these relations by an undirected graph having the following properties:
(i) the set of nodes is given by the set of partial structures, and (ii) there is an edge
between two nodes iff the corresponding partial structures overlap in terms of their
domain and in terms of their vocabulary. Such a graph provides an intuitive means
of conceiving a network of partial structures.

6.1 Local worlds

Let us now go further into the details of a modular semantics for axiomatic theo-
ries. Each axiom has a set of applications to empirical or abstract systems. Each
application of an axiom is represented by a simple pragmatic structuresAi, j, where
i indicates the axiom αi and j the particular application of that axiom:

Ai, j = 〈A j,R1, . . . ,Rk, {αi}〉

Note that the extensions of partial structures to full structures are now determined
by the respective axiom αi. Using the modal semantics of theoretical truth in Sec-
tion 5, we obtain a set Wi, j of “local worlds” for any application j of any axiom αi,
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which represent admissible extensions of the respective simple pragmatic structure:

Wi, j =

MOD(αi) ∩ EXT (Ai, j) if MOD(αi) ∩ EXT (Ai, j) , ∅

EXT (Ai, j) otherwise.
(6)

where MOD(αi) designates the set of models of αi and EXT (Ai, j) the set of total
structures that extend the partial structure Ai, j. The semantics of theoretical truth
is thus used for each modular unit.

The definition of the set Wi, j spells out the semantic consequences of applying
an axiom αi to an empirical system represented by a simple pragmatic structure
Ai, j. This does of course not suffice for an account of scientific reasoning because
intended applications are not isolated monadic items. Quite to the contrary, such
applications are highly interrelated. Therefrom the challenge arises of merging the
semantic consequences of such individual applications of single axioms. For this
challenge to meet, we will merge local worlds – given by sets Wi, j defined by (6) –
to build global worlds, i.e., interpretations of the global language L(V).

6.2 Global worlds

To study ways of constructing global worlds out of local ones, let us consider the
set W of sets Wi, j of local worlds:

W = {Wi, j | there are i and j s.t. αi is an axiom of T and j ∈ Ji} (7)

where Ji is the index set for the applications of the axiom αi.

Two worlds from different sets Wi, j may overlap in terms of their domain and in
terms of the vocabulary whose interpretation they encode. Two such worlds thus
may or may not be consistent with one another in the sense of being interpretations
that agree or not agree wherever there is an overlap between them. The challenge
arising here is to construct a global world out of mutually consistent local ones. For
this to achieve, we need to construct choice sets Wc of W such that for any x, x′ ∈
Wc, x is consistent with x′. Once such a consistent choice set Wc is constructed, it
is easy to define therefrom a global world by componentwise union of the members
of Wc.

Let us describe this construction of global worlds more precisely. As a first step,
we define notion of consistency between two worlds:
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Definition 5. Consistency between two worlds
Let wi = 〈Ai,Rk〉k∈Ki and w j = 〈A j,Rk〉k∈K j be two total structures, or worlds. wi

is consistent with w j iff, for all k ∈ Ki ∩ K j, and all m-tuples x it holds that (i) if
x ∈ (Rk)wi and x ∈ (A j)m, then x ∈ (Rk)w j , and (ii) if x ∈ (Rk)w j and x ∈ (Ai)m,
then x ∈ (Rk)wi . (Rk)w denotes the relation Rk of the structure w and (A)m the m-ary
Cartesian product of A.

Definition 6. ]
Let wi and w j be two local worlds that are consistent with one another in the sense
of Definition 5. wi ] w j = w0 iff

(1) w0 = 〈A0,Rk〉k∈K0

(2) A0 = Ai ∪ A j

(3) K0 = Ki ∪ K j

(4) for all k ∈ Ki ∩ K j, (Rk)w0 = (Rk)wi ∪ (Rk)w j

(5) for all k ∈ Ki \ K j, (Rk)w0 = (Rk)wi

(6) for all k ∈ K j \ Ki, (Rk)w0 = (Rk)w j .

This being so defined, we can say that a global world w is obtained by the compo-
sition of local worlds of a consistent choice set Wc iff

w =
⊎

wi∈Wc

wi. (8)

This construction yields sensible results in cases where an axiom α of T has an
internally inconsistent application, as is the case with applications of the T-scheme
to liar sentences. However, if an application of an axiom α is inconsistent with
some application of another axiom β (or with another application of α), there is no
choice set Wc of W such that for any w,w′ ∈ Wc, w is consistent with w′. More
generally, W fails to have this property if there is a set I of applications for which
there is no set W of local worlds such that (i) for all Ai, j ∈ I, there is a world
w ∈ W, and (ii) for all w,w′ ∈ W, w is consistent with w′. Wi, j is defined by
equation (7).

We therefore refine the construction of global worlds in equation (8) as follows: in
place of consistent choice sets Wc of W, we take consistent choice sets of maxi-
mally consistent subsets W′ ⊆ W. A set W′ is called consistent if it has a choice
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set whose members are consistent with one another. From such a set W′ ⊆ W we
obtain admissible substructures of the global language:

Definition 7. Admissible substructure of L(V)
Let the set W of local worlds be defined by equation 7. A structureA is an admis-
sible substructure of the global language L(V) iff there is a set Wc such that

(1) Wc is choice set of a set W′ ⊆W

(2) for all w,w′ ∈ Wc, w is semantically consistent with w′

(3) there are no sets W′c and W′′ such that (i) W′ ⊂W′′ ⊆W, (ii) W′c is a choice
set of W′′, and (iii) for all w,w′ ∈ W′c, w is semantically consistent with w′

(4) A =
⊎

x∈Wc

x.

The notion of a substructure is understood here as follows: w1 is a substructure of
w iff there is a structure w2 such that w = w1 ⊕ w2.

Admissible substructures of L(V) need to be extended in a manner that is consistent
with the facts represented by all partial structures (Ai, j), independently of whether
some x ∈ Wi, j is a member of a maximally consistent choice set Wc:

Definition 8. Admissible total structure of L(V)
w0 is an admissible total structure of L(V) iff there are structures w1 and w2 such
that

(1) w0 = w1 ] w2

(2) w1 is an admissible substructure of L(V)

(3) for all partial structures Ai, j, there is a w ∈ EXT (Ai, j such that w is a sub-
structure of w0.

This definition assumes that there are no inconsistencies among the facts repre-
sented by the partial structuresAi, j.

Having thus defined the set of global worlds, which is given by the set of admissible
total structures of the global language, we can introduce the modal semantics of
theoretical terms at the global level:
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Definition 9. Modular theoretical truth
Let � be introduced by an S5 modal system for the language L(V), where the set W
of worlds is given by the set of admissible total structures of the global language
L(V). A sentence φ of L(V) is (modularly) theoretically true iff �φ.

6.3 Inconsistency Management

The intuition driving this modular semantics can perhaps most clearly be perceived
by an analysis of paradoxical sentences. Suppose l is a liar sentence, which is self-
referential and self-contradictory. When applying the T-scheme

T (α)↔ α (TS )

to l, we realize that this application has no theoretical extension that satisfies this
scheme. In other words, MOD(P) ∩ EXT (A) = ∅, where P = {(TS )}. A is a
partial structure with an unary relation applying to sentences and another unary
relation representing the truth predicate. Hence, by equation (6), local structures
representing l as true are as admissible as local structures representing l as false.
Hence, we will have global worlds that verify l and other global worlds that falsify
it. Hence l is neither true nor false on the semantics of modular theoretical truth.
Liar sentences are “gappy”.

Similar considerations apply to axiomatic theories in the natural sciences that fail
to be applicable to a particular empirical system. Consider the famous application
of Newtonian mechanics to the precession of the perihelion of Mercury. The prob-
lem of this application is that we are unable to determine the forces acting upon
Mercury – by Newton’s law of gravitation for the putative distribution of masses in
our solar system – in such a manner that Mercury’s trajectory accords with New-
ton’s second law of motion. Hence, there is no theoretical description of Mercury’s
motion in terms of Newtonian gravitational forces that accords exactly with New-
ton’s laws of motions. In our semantics, this has the consequence that some global
worlds satisfy Newton’s equations for the trajectory of Mercury, while others sat-
isfy Newton’s law of gravitation for the gravitational forces acting upon Mercury.
The precession of Mercury’s perihelion does therefore not contribute to the in-
terpretation of the force function (for the argument Mercury) in the language of
Newtonian mechanics. As a consequence of this, certain sentences about Newto-
nian forces acting upon Mercury are gappy in our semantics in a manner that is
comparable to the “gappiness” of liar sentences. For both types of sentences, the
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gappiness arises because there is a world that verifies the sentence under consider-
ation and a world that falsifies that sentence.

According to the standard explanation of semantic consistency, an axiomatic theory
T is consistent iff it has a model. In the present approach, by contrast, consistency
is explained with reference to applications of axioms. An application A of an
axiom α is consistent iff MOD(P) ∩ EXT (A) , ∅. An application is externally
consistent with a set I of other applications iff there is a set W of local worlds such
that (i) for all A ∈ I ∪ {Ai, j}, there is a world w ∈ MOD(P) ∩ EXT (A) , ∅ such
that w ∈ W, and (ii) for all w,w′ ∈ W, w is consistent with w′. Suppose any axiom
has at least one application, which is a natural assumption. Then, if an application
of an axiom α is externally consistent with a set I of applications that contains at
least one application of any axiom other than α, then the set of axioms of T has a
model.

Speaking of an application of an axiom is inspired by the logic of science in the
narrow sense of the natural sciences. Nonetheless, this notion makes sense for
other types of axiomatic theories as well, as we have seen with the axiom scheme
of comprehension in naive set theory. Intended applications of the Peano axioms
are at least partially characterised in explanations of these axioms.

7 Prioritised Axiomatic Theories

The present modular semantics implies that, if an application of an axiom α is not
consistent with an application of an axiom β, neither application is accepted. This
does not always accord with scientific practice. There are cases where some axiom
is given priority to another in the case of a conflict. As we shall see in Section 10,
Planck’s hypothesis of energy quantisation is prioritised over certain applications
of classical electrodynamics within Bohr’s theory of the atom. Such prioritisations
are aptly characterised by a modular ordering among the axioms of T .6 Such an
ordering in turn can be represented by a sequence of sets of axioms (cf. [6]):

Θ = 〈T1, . . . ,Tm〉

6A strict partial order < is modular iff the relation R(x, y) defined by x ≮ y∧y ≮ x is an equivalence
relation. There might be cases where the axioms are not ordered in a modular fashion, which would
require some modifications of Definition 10. For simplicity, a modular ordering among the axioms
is assumed.
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with the understanding that α ∈ Tp has priority over β ∈ Tq iff p < q. All sets Tp

(1 ≤ p ≤ m) are sets of axioms. The union of these sets is the set of all axioms of
the network under consideration.

The next step is to take the prioritisation among axioms into account for the con-
struction of global worlds. For this, we shall consider the following partition of the
set W of all local worlds:

Wp = {x | there are i and j s.t. x ∈ Wi, j, αi ∈ Tp, and j ∈ Ji} (9)

where the sets Wi, j are defined by equation (6). Ji is the index set for the applica-
tions of the axiom αi.

For the global worlds, prioritisation has now the consequence that their construc-
tion starts with the local worlds of axioms of T1, goes on to add proper extensions
of applications of axioms of T2, and so on. More precisely:

Definition 10. Admissible substructure of L(V) for Θ

A structure A is an admissible substructure of the global language L(V) – for a
prioritised axiomatic theory Θ – iff there is a set Wc such that

(1) Wc is choice set of a set W′ ⊆W;

(2) for all w,w′ ∈ Wc, w is semantically consistent with w′;

(3) there is no priority level p (1 ≤ p ≤ m) and set W′c such that (i) Wc ∩Wp ⊂

W′c ∩Wp, (ii) for all j (1 ≤ j < p), Wc ∩W j = W′c ∩W j, (iii) W′c is a choice
set of a set W′′ ⊆W, and (iv) for all w,w′ ∈ W′c, w is semantically consistent
with w′;

(4) A =
⊎

x∈Wc

x.

This definition can be regarded as the semantic counterpart of the definition of a
preferred subtheory in Brewka [6] and is thus inspired by the corresponding infer-
ence system of nonmonotonic reasoning. No further adjustments are necessary in
the definition of modular theoretical truth to take into account prioritisations among
the axioms of T . Definitions 8 and 9 remain in place for prioritised axiomatic the-
ories.
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8 Scientific Theories as Networks of Partial Structures

So far we have been using syntactic and semantic methods of formalization as
if there had been no split into semantic and syntactic approaches in the philoso-
phy of science. The logic of theoretical truth stands in the syntactic tradition of
Carnap, whereas partial structures and intended applications are taken from the se-
manticist’s toolkit. Semantic approaches have been considered more advanced and
superior to syntactic approaches for a long time by the majority of philosophers of
science, but have become under heavy criticism recently. Particular criticism has
received the semanticist’s claim that a set of model-theoretic structures, if taken to
present a scientific theory, can be understood independently of a vocabulary inter-
preted by such structures (see Halvorson [15, 16] and Lutz [20]). I will not further
enter into this debate here, but suggest that combining syntacticist with semanticist
methods may lead to a more comprehensive analysis of scientific theories. Follow-
ing this strategy, I propose to understand scientific theories, as well as compounds
of such theories, as networks of partial structures in the following sense:

Definition 11. Network of Partial Structures
N is a network of partial structures iff there are sets Ax, I, R, and < such that

(1) N = 〈Ax, I,R, <〉

(2) Ax is a set of axioms

(3) I is a set of partial relational structures

(4) R is a set of relations interpreting the axioms such that (i) each axiom α ∈ Ax
is assigned to a set I ⊆ I of intended applications, and (ii) each descriptive
symbol of any axiom αi is partially interpreted by a relation of the partial
structureA ifA is an intended application of α.

(5) < is a modular ordering among the members of Ax.

Note that a network N of partial structures is a syntactico-semantic entity as it
consists of a set Ax of syntactic entities, a set I of semantic entities, a set that
relates the syntactic entities of N to the semantic ones, and an ordering of the
syntactic entities. The intuitive understanding of such networks is, I think, greatly
facilitated by Figure 1.
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9 Inferential Properties of Networks of Partial Structures

Having thus clearly expounded the notion of a network of partial structures, we can
introduce an inference relation for such networks using the notion of an admissible
interpretation of the global language L(V):

Definition 12. Let N be a network of partial structures and φ a formula of L(V).
The notion of an admissible total structure of L(V) is understood in the sense of
Definition 8. φ is inferable from N – in symbols: N |∼ φ – iff φ is verified by all
admissible total structures of L(V).

Recall that our modular semantics is driven by the objective to introduce paracon-
sistency into the logic of theoretical truth without loosing too much of its inferential
strength. We are now in a position to evaluate to what extent this has been achieved
by networks of partial structures. It is easy to show that, though modus ponens is
not valid, modus ponens in the consequent is:7

N |∼ α→ β N |∼ β
N |∼ α

A proof of the validity of this inference rule is obtained by the following consider-
ations: N |∼ α→ β and N |∼ α together imply that α and α→ β are verified by all
admissible total structures of L(V). From this it follows, together with the validity
of modus ponens in classical logic, that β is true in all admissible total structures
of L(V). Hence, β is (modularly) theoretically true in the sense of Definition 9.
Therefore it holds that N |∼ β. In a similar vein, it can be shown that the Leibniz
principle holds in the consequent, which gives us the following inference rule:

N |∼ s = t N |∼ φ
N |∼ φ[t/s]

f ree(s, t, φ[∗])

More generally, it can be shown that for any classically valid inference rule there is
a corresponding inference rule in the consequent for networks of partial structures:

Theorem 1. Let
π1 . . . πn

φ
be a classically inference rule. Then,

N |∼ π1 . . .N |∼ πn

N |∼ φ
is valid for networks N of partial structures.

7Validity of modus ponens in the consequent is considered to be an important rationality require-
ment for nonmonotonic logics [18, Sec. 3.2].
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The proof of this theorem is straightforward and analogous to that of modus ponens
in the consequent. Suppose 〈{π1, . . . , πn}/φ〉 is a classically valid inference rule.
Then for any instantiation 〈{α1, . . . , αn}/β〉 of this rule it holds (i) that, for any
structure x that satisfies α1, . . . , αn, x also satisfies β. Suppose (ii) that W is the set
of admissible total structures as defined by Definition 8. (i) and (ii) imply that, for
all x ∈ W, x satisfies β. Hence, β is (modularly) theoretically true. Therefore it
holds that N |∼ β. Hence, {N |∼ π1, . . . ,N |∼ πn}/N |∼ φ〉 is valid for networks of
partial structures.

Moreover, any logical truth of classical logic remains available as a premise:

Theorem 2. For any logical truth α of classical logic and any network N of partial
structures, N |∼ α.

The proof of this theorem is trivial.

In sum, classical logic can be used to draw inferences from the instances of uni-
versal axioms wherever such instances are both internally consistent and consistent
with other applications of axioms of equal or greater priority. Inconsistent instances
of universal axioms, by contrast, fail to be inferable from N; they can therefore not
be used in any inference rule of classical logic. The present formalism thus ac-
counts for the inferential use of axioms that have a limited range of validity, yet
are formulated in a manner that presumes universal validity. Classical reasoning
remains valid within this limited range. The present inference system qualifies
as paraconsistent in the sense that it is not the case that all formulas of L(V) are
inferable from N = 〈Ax, I,R, <〉 if the set Ax of the axioms of N is classically
inconsistent.

Admittedly, the general format of the present inference relation is somewhat non-
standard since N is not a set of formulas but a syntactico-semantic entity. N |∼
φ thus does not have the form A |∼ φ such that A is a set of formulas and φ a
formula. On the other hand, it seems fair to portray scientific reasoning with an
axiomatic theory T by an inference system in which any instance of any axiom
of T is available as a premise on condition of this instance being internally and
externally consistent. It seems even feasible to devise an inference relation for
networks of partial structures that fully conforms to the standard format A |∼ φ

using preferential models as introduced by Shoham [25]. This, however, would
require introducing yet another formalism and is therefore left for future research.
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10 Bohr’s Theory of the Hydrogen Atom

Bohr’s theory of the atom is a famous example of an inconsistent, yet meaning-
ful and successful theory in science. It seems therefore well suited to exemplify
the present approach to paraconsistency. The groundbreaking result of Bohr’s the-
ory is the determination of energy levels of an electron in a Hydrogen atom. By
this determination, Niels Bohr could successfully explain and predict the spectrum
emitted by Hydrogen. Bohr [5] has given three derivations of the possible energy
levels of the electron (cf. Jammer [17, Ch. 2.2]). On the basis of these derivations,
he expounds his account of the Hydrogen atom by two axioms, which are nowa-
days often referred to as Bohr’s postulates. The first postulate is a quantization rule
of the angular momentum of an electron in a Hydrogen atom:

M = n~ (B1)

where M is the value of the angular momentum and n (n ≥ 0) a natural number.
~ is defined to be 2πh, where h itself designates Planck’s constant. The second
postulate says that the frequency ν of light emitted in the course of a transition
from a higher energy level to a lower one satisfies the following equation:

hν = Wk −Wi (B2)

where Wk designates the higher and Wi the lower energy level. As we shall see, the
set of these two postulates is inconsistent with the union of Maxwell’s equations
and the law of conservation of energy.

Bohr’s two postulates alone are not sufficient to explain the spectral lines of Hydro-
gen. For this to achieve, one needs to determine the energy levels of the electron
for those orbits that are admitted by B1, the first postulate. The laws of classi-
cal mechanics and electrodynamics tell us that, for the orbit to be circular, the
Coulomb force and the centripetal force acting upon the orbiting electron must be
in an equilibrium. In symbols:

e2

4πε0r2 =
mv
r

(10)

where e designates the charge of the electron, ε0 the electric constant, and r the
radius of the circular orbit. m designates the mass of the electron and v the value
of its velocity. Using this equation, one can determine which radii of the orbit
are admitted by the postulate (B1). Then, discrete energy levels are determinable,
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using that the energy of the electron is given by the sum of its kinetic energy and
its Coulomb potential in the electric field of the atomic nucleus. This yields:

Wn = −
me4

8ε2
0h2

1
n2 (11)

where n is a natural number that indicates the quantization of the angular momen-
tum. This equation in turn lets us determine – with the help of (B2) – the different
series of spectral lines of Hydrogen in a manner that fits experimental results very
well. Such is the core of Bohr’s theory of the atom.

Bohr [5] emphasises that his account contradicts classical electrodynamics – hence-
forth abbreviated by CED – which would predict a continues radiation of the or-
biting electron. If such a radiation were to occur, the electron would continuously
loose energy. Hence there would be no relatively stable energy levels, contrary
to Bohr’s theory. More precisely, it is the following two Maxwell equations that
predict the radiation of an orbiting electron:

∇ × B = µ0(J + ε0
∂E
∂t

) (MW3)

∇ × E =
∂B
∂t

(MW4)

where E is called the electric field, B the magnetic field, and J the current density.

However, Bohr [5] makes use of Coulomb’s law, which can be obtained from the
following Maxwell equation

∇E =
1
ε0
ρ (MW1)

(in which ρ designates the charge density) and Lorentz force law:

F = q(E + v × B) (L)

where q designates the charge of the particle upon which the electromagnetic force
is acting. Note that Lorentz force law is an axiom of CED.

Without going into the details of these derivations, we can say that a selective use
of the axioms of CED is made in Bohr’s account of the Hydrogen atom: (MW1)
and (L) are used to determine the electric force acting up the electron, whereas
the applications of (MW3) and (MW4) are rejected. How can this be represented
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by a network of partial structures? Recall that such a network is an entity of the
following kind:

〈Ax, I,R, <〉

with Ax being a set of axioms, I a set of partial structures, R a set of relations
interpreting the axioms, and < a modular ordering among the axioms. Let us spell
out these components for Bohr’s account of the Hydrogen atom.

11 A Network Analysis of Bohr’s Account

Ax may contain the axioms of classical mechanics, Newton’s equations, the axioms
of classical electrodynamics, and Bohr’s two postulates. We can thus write

Ax = CM ∪ CED ∪ {B1, B2}

where CM abbreviates the set of axioms of classical mechanics. This set is broadly
construed so as to include also definitions and special laws concerning circular mo-
tions as well the law of conservation of energy, in addition to Newton’s equations.
(Such definitions and special laws are needed because of Bohr’s first postulate.)
CED contains the four Maxwell equations and Lorentz force law.

As for the application of these axioms, we should distinguish between two kinds
of partial structures: (i) the one representing the highly idealised model of Bohr’s
theory, and (ii) applications of this model to empirical systems that emit the spectral
lines of Hydrogen. The first type of structure is used to determine the energy levels
of Hydrogen. It is closely related to the analysis of empirically observed spectral
lines. The highly idealised model to which the axioms in Ax are applied may be
represented by a partial structure of the following kind:

A = 〈A,T,R, s,m, f , q,w〉 (12)

where A = {pe, pp}; pe designates an electron and pp a proton. T is a set of time
points. s designates the space function, m the mass function, f the force function,
q the charge function, and w the function of the energy levels. The set R of real
numbers is obviously needed to use the concepts of real analysis. s is constrained
by B1, which means that all admissible extensions ofA are to satisfy this postulate.
m and q is assumed to be known in advance for both particles, i.e., for the electron
and the proton of the system. f is constrained by B1 and Newton’s equations.
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Notably, nothing is known about the energy function w, prior to the application of
the axioms. Gaining knowledge about the possible values of this function is the
primary objective of applying the axioms of CM and CED to the orbiting electron.

Note that A is a partial structure because several relations are only partially inter-
preted. The relations s, f , and w are not determined at all and hence not interpreted,
prior to the application of the axioms. Even after this application – which is rep-
resented by the set of admissible extensions of A – space, force and energy of the
electron are only constrained, but not uniquely determined. The only functions of
which we have determinate knowledge are the mass and the charge function.

Empirical applications of Bohr’s highly idealised model may be represented by
partial structures of the following kind:

A′ = 〈A,R,T, s,m, f , q,w, ν〉 (13)

ν is the frequency of a line in the Hydrogen spectrum. Such frequencies, though
not observable by unaided perception, can be measured by a spectrometer. Using
Bohr’s theory of the atom, we can interpret and understand the spectral lines of
Hydrogen as transitions of electrons between certain energy levels. This is the chief
explanatory achievement of Bohr’s theory. The set T of time points is needed to
make transitions of the electron between energy levels expressible in the language
of Bohr’s account. The fact that spectral lines can only be measured within a certain
margin of error, may formally be expressed by an axiom saying that ν is an interval
of frequencies rather then a determinate value.

Let us move on to the set of interpretation relations R of our network. Which ax-
ioms are applied to which partial structures? Certainly, the following axioms are
applied to the electron-proton systems represented by structures of type A (which
are characterised by equation (12)): (B1), Newton’s second equation, (MW1), (L),
an axiom saying that total forces are obtained by vector addition of component
forces. All of these axioms are also applied to electron-proton systems represented
by structures of type A′ (equation (13)). Moreover, (B2) is applied to such struc-
tures.

Are (MW3) and (MW4) applied to structures of type A and A′? The answer to
this question is yes. Both Bohr [5] and textbook accounts emphasise that CED
predicts radiation of the electron. Such claims are obviously made on the basis of
applying (MW3) and (MW4) to the orbiting electron, though such applications are
not endorsed.
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As is well known, Bohr’s theory is in conflict with CED if conservation of energy
is assumed. The union of CED, the set of Bohr’s postulates, and conservation of
energy is classically inconsistent. Yet, as we have noted, Bohr’s theory has been
used quite successfully until it was replaced by quantum mechanics. Moreover,
this theory continues to be used for the purpose of introducing quantum mechanics.
Bohr’s theory is therefore not trivial; one does not draw any arbitrary consequence
from it. How is the logical conflict between Bohr’s postulates, CED, and energy
conservation resolved? From the viewpoint of the present semantics, we can say
that (B1) and conservation of energy is given priority over (MW3) and (MW4). In
formal terms:

(B1) < (MW3), (B1) < (MW4), (C) < (MW3), and (C) < (MW4)

with the understanding that an axiom α has priority over an axiom β iff α < β.
(C) denotes conservation of energy. This has the consequence that the language
of Bohr’s theory is interpreted in such way that (B1) holds true but not (MW3)
and (MW4) for orbiting electrons in a Hydrogen atom. In other words, (B1) is
true in all global worlds admitted by the network under consideration. Hence,
Bohr’s theory predicts that the electron of the Hydrogen atom has discrete orbits
and corresponding discrete energy levels. As for the priority relation of other pairs
of axioms, it is reasonable to assume that all axioms other than (MW3) and (MW4)
have highest priority.

On what grounds did Bohr prioritise the hypothesis of stable orbits over (MW3)
and (MW4)? There is no theoretical justification given in his seminal “On the
Constitution of Atoms and Molecules” [5], even though he is well aware of the
conflict with CED. We may therefore view the prioritisation of (B1) over (MW3)
and (MW4) simply as a hypothesis of Bohr’s account. This interpretation squares
nicely with the view that compounds of scientific theories form networks of partial
structures which are furnished with an ordering relation among the axioms.

There is an obvious objection to the present analysis of Bohr’s theory: Bohr [5] made
use only of electrostatics but not of electrodynamics. Coulomb’s law, on which this
theory relies, can be considered as a separable part of CED or even as distinct from
electrodynamics. Hence, Bohr’s theory itself is consistent. Thus no paraconsistent
logic is needed to analyse the inferential use of this theory.8

8In the philosophy of science literature, the is no consensus as to whether Bohr’s theory is in-
consistent. See Vickers [31, Ch. 3] for a detailed discussion. From the viewpoint of the present
framework, Bohr’s theory is externally inconsistent because it is inconsistent with another well es-
tablished theory.
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The first part of this objection is correct. Electrostatics is a separable part of elec-
trodynamics. One may even reserve the term electrodynamics for truly dynamical
electromagnetic phenomena, which would have the consequence that electrostatics
is distinct from electrodynamics.9 However, the following facts and uncontrover-
sial principles continue to pose a problem for a logical analysis of Bohr’s theory: (i)
applying (MW3) and (MW4) to an orbiting electron in Bohr’s account is inconsis-
tent with (B1) on the assumption of conservation of energy, (ii) from the viewpoint
of classical logic, we are to read the axioms of CED, Bohr’s postulates, and the
law of conservation of energy as universally generalised formulas, (iii) CED and
Bohr’s theory have been co-existing for at least a decade, without effecting a re-
traction of conservation of energy, (iv) if one accepts a set S of premisses, one
must be prepared to accept all logical consequences of S . (i) and (ii) imply that
Bohr’s postulates, the law of conservation of energy, and the axioms of CED taken
together form a classically inconsistent set of axioms. From this and (iv) it follows
that maintaining Bohr’s postulates, CED, and conservation of energy results into
a trivial belief set on the semantics of classical logic. Hence, classical logic is un-
able to account for the inferential use of Bohr’s theory in the presence of classical
electrodynamics and conservation of energy, and vice versa. Therefore, an account
of paraconsistent reasoning is needed for a logical analysis of the inferential use of
Bohr’s theory.

We have described a network N of partial structures with a set Ax of axioms from
classical mechanics, classical electrodynamics, and Bohr’s theory itself. Should
we identify Bohr’s theory with this network? If so, what is the precise relation of
this network to the networks of classical mechanics and classical electrodynamics?
Rather than identifying the just described network with Bohr’s theory, I propose to
understand this network as a compound of theories whose range of applications is
restricted to a particular type. Bohr’s theory itself may be identified with a network
whose axioms are just given by Bohr’s two postulates. Likewise, the network of
classical electrodynamics may have just Maxwell’s equations and Lorentz force
law as its axioms. This way of understanding networks of partial structures seems
to conform best to well established usage of the notion of a theory in science,
according to which classical mechanics, electrodynamics, thermodynamics, etc.,
are different, yet related theories.

9Some passages of Bohr’s seminal [5] suggest that Bohr held such a view. However, he is not
explicit at all about the role of Coulomb’s law in his account of the atom and the theoretical origin of
this law.
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12 Conclusion

Research on paraconsistent logics has largely been concerned with the proposi-
tional core of formal logic. If quantifiers are introduced at all, this is usually done
in a manner that preserves their standard meanings. As Graham Priest [23, p. 329]
has put it: “The novelty of paraconsistent logics lies, it is fair to say, almost entirely
at the propositional level.”

The present approach, by contrast, proposes a revision of the semantics of the uni-
versal quantifier – for occurrences where it is used to expresses universal validity
of an axiom – in order to achieve paraconsistency. This revision is primarily moti-
vated by the observation that inconsistent, yet non-trivial theories are such that their
inconsistency can be traced back to certain “pathological” applications of universal
axioms. We are making sense of such theories by ignoring the pathological appli-
cations, while continuing to accept the remaining set of applications. A formal
semantics that explicates this inferential strategy faces two problems: (i) defining
the demarcation between sound and pathological applications, and (ii) justifying
the inferential use of sound applications. These problems have been solved by by
a modular semantics, in which the applications of axioms are considered as rela-
tively independent and thus separable units. Interpretations of the global language
are built up from consistent compositions of such modular units. On the basis of
such interpretations, we have defined an inference relation that makes room for se-
lectively using the applications of universal axioms to the effect that pathological
applications are ignored.

A number of further problems must be left for future research. First, from a lo-
gician’s point of view, it is desirable to introduce an inference relation A |∼ φ for
arbitrary sets A of premises rather than the set of formulas inferable from a network
N of partial structures. Second, it is desirable to furnish the latter inference relation
with a proof-theory. For this purpose, the framework of adaptive logics by Batens
[4] seems to be very well suited.10 Like the present approach to paraconsistency,
adaptive logics are not confined to a paraconsistent revision of propositional logic.
Third, it seems worth investigating the epistemology and metaphysics of networks
of partial structures. We have touched upon these topics only briefly when intro-
ducing the logic of theoretical truth, which is in the tradition Carnap’s logic of
science.

10For a comprehensive exposition of this framework, see also Straßer [28]. Notably, Verdée [29]
has given an adaptive logic defence of naive set theory.
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It should perhaps be noted, finally, that the present approach to paraconsistency is
not meant to embrace anomalies and paradoxes. If we can chose between an incon-
sistent axiomatic theory T and a classically consistent alternative T ′ that is equally
powerful – in terms of inferential strength, scope, explanatory virtues, simplicity,
etc. – T ′ should be preferred. However, such classically consistent and equally
powerful alternative theories are often not available. Some axiomatic theories that
are known to be inconsistent continue to be used for a limited range of applications
because of certain virtues that their consistent alternatives lack. Classical electro-
dynamics is a case in point. Naive set-theory appears to be more widely used in
mathematics than its alternatives. Some well established axiomatic theories make
assumptions that are not consistent with other axiomatic theories being equally
well established and successful [9]. There might be a future state of research that
lets us enter the paradise of universally applicable and consistent axiomatic theo-
ries. For the time being, however, paraconsistent logics are needed to understand
how scientific reasoning proceeds in the face of inconsistencies.
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